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Abstract

We introduce the notion of completely 2-absorbing (denoted by, c-2-absorbing) ideal of an
N-group G, as a generalization of completely prime ideal of module over a right near-ring N. We obtain
that, for an ideal 7 of a monogenic N-group G, if (I: G) is a ¢-2-absorbing ideal of N, then 7 is a ¢-2-
absorbing ideal of G. The converse also holds only when G is locally monogenic over a distributive
near-ring N. We discuss the properties such as homomorphic images, inverse images of c-2-absorbing
ideals of G. Examples of c-2-absorbing ideals of N-groups are given where N is non-commutative
and in the sequel some results of 2-absorbing ideals from module over rings are generalized to
N-groups.

Subject Classification: (2010) Primary 16Y30.
Keywords: Near-ring, Completely prime ideal, IFP, monogenic, N-group.

1. Introduction

A natural generalization of module over a ring is a module over an
arbitrary near-ring. Precisely it is an action of a group (not necessarily
abelian) over a near-ring. Juglal et.al.[16] generalized prime ideal in
modules over rings to modules over near-rings in several ways. They
obtained some characterizations of prime near-ring modules and exhibited
interesting properties. More importantly, connection between a prime
ideal of a module over a near-ring and the corresponding annihilators
in a near-ring were investigated. Badawi [1] introduced the idea of
2-absorbing ideal of a commutative ring with identity, as a generalization
of prime ideal in a commutative ring and explored its properties. Darani
and Soheilnia [6] introduced 2-absorbing submodule of module over
commutative ring with identity; later studied by Payrovi and Babaei [24],

‘E-mail: pk.harikrishnan@manipal.edu, pkharikrishnans@gmail.com
*E-mail: syamprasad.k@manipal.edu, kunchamsyamprasad@gmail.com
(Corresponding Author)
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while generalizations of 2-absorbing modules over non-commutative
rings were given by Groenewald and Nguyen [10]. Prime submodule of
module over ring generalizes the notion of prime ideal of rings. In [8, 9],
the author extensively studied prime submodules of modules over rings.
Indeed, there are several means to generalize these to prime ideals of near-
rings. Prime ideals in near-rings have been introduced by Holcombe [15],
and later studied by [3, 5, 18, 19]. Due to lack of one distributive property,
and addition operation in general, not abelian, the authors were able to
study various types of prime ideals. Recently, Hamsa et.al. [12] defined
quasi associatively in ©I'-N-groups (generalized N-groups), and proved
the fundamental isomorphism theorems. In [11], the author introduced
the notion weakly prime radical of an ideal and initiated the study of
weakly completely prime ideals, further, investigated such rings in which
every proper ideal is weakly completely prime. In present paper, we define
the notions c-2-absorbing ideals of near-ring and 2-absorbing ideals of a
module over a near-ring, which generalize the notions completely prime
ideal of a near-ring and completely prime ideal of a module over a near-
ring respectively. We organize the paper into four sections, in section 2, we
provide essential preliminary notions required in this paper. In section 3,
we introduce the concept of completely 2-absorbing ideal of an N-group
and prove some of its properties with suitable illustrations. In section 4
we consider completely 2-absorbing ideal of an N-group where N is a
zero-symmetric near-ring and obtain subsequent results. Throughout, we
use N to denote a right near-ring not necessarily zero symmetric, and in
section 4, we assume N to be zero-symmetric, and G stands for an N-group.
Further, all other undefined notions and conventions will be as in Pilz [25].

2. Preliminaries

A (right) near-ring (N, + , ) is an algebraic system, in which N is an
additive group (need not be abelian) and a multiplicative semi-group,
satisfying only one distributive axiom: (x + y)c = xc + yc for all x, y, c e N.
The definition referred as a right near-ring because it satisfies the right
distributive axiom. Note that 0-m = 0 and (—m)n = —mn, for all m, n €N,
but in general, a0 # 0 for some a eN. If m0 = 0, for all m €N, then N is
zero-symmetric, we denote as N = N,. For a group (G, + ), (not necessarily
abelian), the set M(G) of all maps h: G—G determines the structure of a
near-ring, which is not a ring, under point-wise addition and function
substitution. Obviously, for some appropriate group (G, + ), every near-
ring can be embedded in M(G). A subgroup (A, +) of (N, +) is said to be
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an ideal if it satisfies: (i) (A, + ) is normal, (ii) AN S I, (iii) n(n, + a) —nn, € A
foralln,n, eN,acA. Let (G, + ) be a group with 0, as additive identity. G
is said to be an N-group (denoted by ,G or simply G) if there corresponds
amap N x G—G (the image of (x, g) is written as xg), satisfy (i) (x + y)g
= xg + yg, and (ii) (xy)g = x(yg) for all ¢ € G and x, y e N. It is evident that
every near-ring is an N-group N (over itself). Also, each module over a
ring N (elements are written on the left) is an N-group. A subgroup (4, +
) of ,G with NA € A is called a N-subgroup of G. A normal subgroup A of
G is called ideal of |G if x(g +a) —xgeAforallxeN,aeA, g €G. For any
two N-groups G, and G,, a map h: G,—G, is called an N-homomorphism,
if foralla, b eG, and n €N, h(a + b) = h(a) + h(b) and h(na) = nh(a) hold. We
call i an N-epimorphism if & is onto, and N-monomorphism if / is 1-1. It is
evident that kernels of N-homomorphisms are the ideals of G. A near-ring
N is distributive if x(a + b) = xa + xb for all x, a, b € N. As in [5], we use < g
> to denote the ideal generated by an element g € G.

Definition 2.1 : (Pilz [25], Ramakotiah and Rao [26]) A proper ideal P of
N is called prime if a for any two ideals S and T of N with ST € P implies
that SS Por T € P; and P is completely prime (denoted as c-prime) if st € P
implies s € P or t € P. In case of commutative rings, the notions prime and
c-prime coincide.

Definition 2.2 : (Bhavanari and Rao [2]) An ideal A of G is said to have
insertion of factors property (denoted as, IFP) if x eN, g € G with xg € A
then xng € A for all n e N. If (0,;) is an IFP ideal, then we call G as an IFP
N-group.

3. Completely 2-absorbing ideals
The following definition generalizes the c-prime ideal of N.
Definition 3.1: Anideal I of N is called completely 2-absorbing (abbr. c-2-

absorbing) of N if whenever x, y, z € N with xyz el then xy el or yz €l or
xz €l. N is called c-2-absorbing if the ideal (0) is a c-2-absorbing ideal of N.

Definition 3.2 : (Juglal et.al. [16]) An ideal P of G with (P # G) is called
completely prime if xg € P imply xGE Por geP forallx e Nand g €G.

Definition 3.3 : A proper ideal P of G is called strictly completely prime if
xg € Pimply x(g) SPor g €P.
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Remark 3.4 : Every completely prime ideal is strictly completely prime
and the converse need not be true, in general.

Proof : Suppose P is c-prime. Let x e N and g €G such that xg € P. Since
P is c-prime, xG S P or g € P. Now x(¢) € x G € P or g € P. Therefore, P is
strictly c-prime.

The converse need not be true, refer to the example 3.6 for strictly
c-prime but not c-prime. We generalize the definition 3.2 as follows, which
is a key notion in this paper. Examples are also given when N is not zero-
symmetric.

Definition 3.5: An ideal I of G is said to be a completely 2-absorbing (abbr.
c-2-absorbing) ideal if whenever x, y e N, ¢ € G with xyg €I then xy € (I:G)
orxgelorygel

Example 3.6 : Take G = Zand N = Z, near-ring of integers. Then G is an
N-group. Clearly I, = {0, 4} and I, = {0, 2, 4, 6} are ideals of G. It can be
verified that I, is a c-2-absorbing ideal of G but not c-prime, since 2.6
€l, and neither 2Z; € I, nor 6 €I,. The ideal I, is c-prime as well as c-2-
absorbing. However, I, is strictly c-prime, since 2(6) = {0, 4} S I,.

Example 3.7 : Refer the near-ring N, given in E-23, page 408 of Pilz [25],
where N = {0, 4, b, c}. Consider N itself as an N-group with respect to the
operations + and - are given respectively in table 1 and table 2 below.

Table 1 Table 2
+(0|a|b]|c .|0jal|b]|c
0|0fa|b|c 0(0|0|0]O0

Oflc|b alalalala
c|0]|a b|b|b|b|b
clc|b|lalO0 clc|clc]c

Then clearly, N is not zero-symmetric. It can be easily seen that, {0} is
c-prime and c-2-absorbing.

Example 3.8 : Take G = Z, and N = Z, near-ring of integers. Then G is an
N-group. Clearly I, = {0} and I, = {0, 2, 4} are ideals of G. It can be verified
that I, is a c-2-absorbing ideal of G, but not c-prime, since 2.3 €I, and
neither 2Z, € I, nor 3 €,. The ideal I, is c-prime as well as c-2-absorbing.
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Example 3.9 : Let G={[0 ?j[i §N§ EJ(T 1}}, where entries of matrices
0 0/{0 1){1 0){1 1

00

]z

in G are from Z, and N = M,(Z). Then G is a N-group. Clearly, I = {(0 OJ}

=l =

is an ideal of G, and is c-2-absorbing, but not c-prime, since [i’ ;J[i

[§ ?Jel but neither [T EJEI nor [3 SJGgI.
00 11 17

Example 3.10: Let N = (S,, +, -) be anear-ring (given in H-11, pg. 410 of Pilz
[25]), which is not zero-symmetric and non-commutative. Consider N as
an N-group over itself, where the operations + and - are given respectively
in table 3 and table 4.

Table 3 Table 4
+|0|a|b|lc|x|y Ola|b|c|x|y
0]0ja|blc|x]|y 0|0j0|0O|0]|0O]O
ala|O0jy|x|c|b alalalalalala
b|lb|x|0|yla|c blalalc|b|b]|c
cle|x|y|0|bja clalalb|c|c|b
x|x|b|lclaly|O x|0|0|y|x|x]|y
ylylc|la|b|O]|x ylolo|xlyly]|x

Clearly I = {0} is c-2-absorbing, but not c-prime, since xa €1, and a¢l,
xGal.

Theorem 3.11 : Let h be an N-homomorphism of N-groups G onto G'. If A is a
c-2-absorbing ideal of G containing ker h, then h(A) is a c-2-absorbing ideal of G'.

Proof : Take a, b €N, ¢’ € G' with abg’ e h(A). Then abg’ = h(x) for some x
€eA.

Since h is an N-epimorphism and g’ € G/, it follows that h(g) = ¢’ for
some g €G.

Since & is an N-homomorphism, h(abbg) = abh(g) = abg’ = h(x), and
hence, h(abg-x) =0 in G'. Since x € A and abg-x e ker h € A, we have, abg € A.

Since A is c-2-absorbing and abg € A, we have,

abe(A: G)orag € A or bg € A, implies abG S A or ag € A or bg € A.
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Therefore, h(abG) € h(A) or h(ag) €h(A) or h(bg) eh(A). As h is an
N-homomorphism,

we have abh(G) S h(A) or ah(g) € h(A) or bh(g) e h(A).

Therefore, abG’ e h(A) or ag” e h(A) or by’ € h(A).

That is, ab € (h(A): G') or ag’ e h(A) or bg’ e h(A).

This shows that i(A) is a c-2-absorbing ideal of G'.

Theorem 3.12 : Let h: G—G' be an N-epimorphism. If A' is a c-2-absorbing ideal
of G, then h'(A") is a c-2-absorbing ideal of G.

Proof : Suppose A' is c-2-absorbing ideal of G'. Let a, b €N, g € G be such
that abg e h’'(A"). Since h is an N-homomorphism, it follows that abh(g) =
h(abg) e A'. Again, since A' is c-2-absorbing, it follows that,

ag’ €A’ orbg’ e Al orab e(A": G').

Case (i) : If ab e (A": G'), then abG' € A" and h''(abG") € l''(A"). Since h is an
N-epimorphism, abh™(G") = abG € h''(A"), shows that ab € (h"(A"): G).

Case (ii) : If ag’ € A, then ah’'(¢") e i'(A"), shows that ag e i (A"). Similarly,
by’ € A', then bg e i'(A"). Thus, h'(A") is c-2-absorbing.

Lemma 3.13 : (Juglal et.al. [16]) For any ideal A of G, (A: G) is an ideal of N.
For completeness, we provide the proof of the following lemma.

Lemma 3.14 : If A is a c-prime ideal of G, then (A: G) is a c-prime ideal in N.

Proof :Since A # G, 1&(A: G), and (A: G) is proper. Suppose that ab € (A: G)
and b€(A: G). So bG ¢ A, implies that, there exists g € G with bg¢A. Now
a(bg) = (ab)g € A. Since A is c-prime in G, it follows that aG € A. This shows
that a € (A: G). Therefore, (A: G) is a c-prime ideal of N.

Theorem 3.15 : If A is a c-prime ideal of G, then A is c-2-absorbing in G.

Proof : Let A be a c-prime ideal of G, and let a, b €N, g € G with abg € A.
Since A is c-prime, it follows that abG € A or g € A = ab € (A: G) or g € A.
Now ab € (A: G) and since (A: G) is a c-prime ideal in N, it follows that
ae(A: G) or b €(A: G), and get ag €A or bg €A. Therefore, A is a c-2-
absorbing ideal in G.

An N-group G is monogenic (Pilz [25]), if there corresponds an
element ¢ € G such that Ng = G, and G is locally monogenic (Wen Ke Fong
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and Meyer [17]), if for every S € G, where S is finite, there corresponds an
element a € G such that S € Na.
It is obvious that every locally monogenic N-group is monogenic.

Note 3.16 : Let A be an ideal of G. Then (A: G) € (A: g) for all g e G\A.

Lemma 3.17 : Let G be monogenic by g € G. Then (A: g) = (A: G) for every ideal
Aof G

Proof : Since G is monogenic by g, we have Ng = G. In this case, G =(g) .
Take x € (A: g) = xg € A = x (g) € A. This means xG € A and so x € (A: G).
Therefore, (A: ) € (A: G).

Conversely, let x € (A: G). Then xG € A. In particular, xg e A and so x €
(A:g).

Therefore (A: G) € (A: g), and hence (A: g) = (A: G).

Theorem 3.18 : Let G be monogenic and A be an ideal of G. If (A: G) is a c-2-
absorbing ideal in N then A is a c-2-absorbing ideal of G.

Proof : Let (A: G) be a c-2-absorbing ideal in N. To prove A is a c-2-absorbing
ideal of G, take a, b € N and x € G with abx € A. Since G is monogenic, we
have x = cg for some c € N. Now abcg = abx € A, implies abc € (A: g), and by
lemma 3.17, we get abc € (A: G). Now abc € (A: G), and since (A: G) is a ¢-2-
absorbing ideal of N, we have ab € (A: G) or ac € (A: G) or bc € (A: G). That
is, ab e (A: G) oracg € A or bcg e A and henceab e (A: G) oraxeAorbx €A,
shows that A is c-2-absorbing.

Definition 3.19 : (Meldrum [22]) We say that N distributes over G if d(g, +
g,)=dg, +dg,foralldeN, g, 5, €G.

Lemma 3.20 : If G is locally monogenic and N is distributive, then N distributes
over G.

Proof : Suppose G is locally monogenic and N is distributive. Take n e N
and g,, g, € G. Since G is locally monogenic and {g,, g,} € G, we have G &
Ng, for some g € G. So there exists n,, n, € N such that ¢,=n,¢ and g, = n,g.
Now, 1(g,+8,) = (1,8 + 1,8) = n((n, + m,))g = (1, +ni)g = nn,g + g = ng,
+ ng,. Therefore, N distributes over G.

We use lemma 3.20, but also provide explicit verification in the proof
of theorem 3.21.
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Theorem 3.21 : Let A be a c-2-absorbing ideal of G, where G is locally monogenic
over a distributive near-ring N. Then (A: G) is a c-2-absorbing ideal of N.

Proof : Suppose that A is c-2-absorbing in G. To show (A: G) is c-2-absorbing
inN,leta, b,ce N and abc € (A: G). Assume that acg(A: G), bcg&(A: G). In this
case, we show that ab € (A: G). Since acG ¢ A and bcG ¢ A, we have acg €A
and bcg,&(A: G) for some g, g, € G. Further, since abcg € A for all ¢ €G,
abcg,, abcg, € A, and since A is an additive subgroup of G, it follows that
abcg, + abcg, € A. Since G is locally monogenic and {cg,, cg,} € G, it follows
that cg, = n,g,, cg, = n,g, for some n,, n,eN, g, €G.

Now ﬂb(Cgl + ng) = ﬂb(?’llgk + nzgk) = ab((n, + nz)gk) = (ab(n, + nz))gk

= (abn, + abn,)g, (as ab is distributive element in N)

=abn,g, + abn,g, = abcg, + abcg,

Therefore, ab(cg, + cg,) €A. Since A is c-2-absorbing, it follows that
a(cg, + cg,) €A or b(cg, + cg,) €A or ab € (A: G). If a(cg, + cg,) €A, then by
lemma 3.20, acg, + acg, € A. Now if acg, € A, then acg, = acg, + acg,-acg, € A,
a contradiction.

Therefore, a(cg,)&A, also b(cg,)&A but ab(cg,) € A (here, cg, € G). Since
A is c-2-absorbing, we have ab € (A: G). In a similar way if b(cg, + cg,) €4,
then bcg, + bcg, € A. If beg, € A, then since beg, + beg, =1, (say i, € A), we get
beg, = i-bcg, € A, a contradiction. Therefore, bcg €A, also acg,&A but abcg,
€ A. Since A is c-2-absorbing, it follows that ab € (A: G).

Definition 3.22 : (Van der Walt [28]): An N-group G is called connected if
forany g,, g, € G, there exists g € G and u, v € N such that g, =ug and g, = vg.

Corollary 3.23 : Let G be a connected N-group over a distributive near-ring N. If
A is c-2-absorbing in G, then (A: G) is c-2-absorbing in N.

Proof : Since G is connected, G is monogenic, and hence the proof follows
from theorem 3.21

Proposition 3.24 : Let G be locally monogenic over a distributive near-ring
N. If an ideal A of G is c-2-absorbing in G, having IFP, then (A: g) is c-2-
absorbing in N for all ¢ e G\ A.

Proof : 1f 1 € (A: g), then g = 1. g € A, a contradiction. Therefore, (A: g) # N
and hence (A: g) is proper. Since 0 = 0g € A, and so 0 € (A: g), hence (A: g) #
¢. Now by proposition 1.42 of Pilz [25], (A: g) is an ideal of N.

To show that (A: g) is c-2-absorbing, let 4, b, c e N and abc € (A: g). We
need to show ab € (A: g) or bc €(A: g) or ac € (A: g). Since abc € (A: g), we
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have a(bc)g = abcg € A. Since A is c-2-absorbing in G, it follows that ag € A
or bcg € A or abe € (A: G).

Case (i) : If ag € A, then since A has IFP, we get ang € A for all n eN. In
particular, abg € A and so ab € (A: ).

Case (ii) : If bcg € A, then clearly, be € € (A: g). If abc € (A: G), then the proof
follows from the theorem 3.21.

Theorem 3.25 : Let P, Q be ideals of G with Q € P. Then P is a c-2-absorbing
ideal of G if and only if P/Q is a c-2-absorbing ideal of G/Q.

Proof : Assume that P is a c-2-absorbing ideal of G. Then, G/P is an
N-group by natural way n(g + Q) =ng + Qforalln eN, g eGand P/Q is
an ideal of G/Q. Now abg + Q € P/Q, for some i € P, implies thatabg + Q =
i+ Q, for someieP, and soabg-i € Q € P.

Since P is an ideal of G, we have abg = abg-i + i € P. Now since P is c-2-
absorbing, ab € (P: G) or ag € P or bg € P, shows that abG € P or ag € P or bg
€P. That is, ab(G/P) € P/Q or a(g + Q) e P/Q or b(g + Q) € P/Q. Hence,
P/Q is a c-2-absorbing ideal of G/Q.

Conversely, suppose that P/Q is a c-2-absorbing ideal of G/Q. Since
P/Q#G/Q, wehave P is proper. Leta, b € N and g € G be such that abg € P.
Then ab(g + P) = abg + Q € P/Q. Since P/Q is c-2-absorbing, we get a(g +
P)eP/Qorb(g+P)eP/Qorab(G/Q) € P/Q. This shows that, ag € P or bg
€ P or abG € P, hence P is c-2-absorbing in G.

4. c-2-absorbing ideals of module over zero symmetric near-ring

In this section, we consider an N-group G where N is a zero symmetric
near-ring. We give examples of c-2-absorbing ideals and obtain some
properties.

Example 4.1 : Here N = {0, a, b, c}. We define binary operations + and - as
respectively in table 5 and table 6 below.

Table 5 Table 6
+10 (a |b |c 0 fa |b|c
0|0 |a |b|c 0 (0 (0|0 |O
a |la |0 |c |b a [0 |0 |a |0
b |b|c |0 |a b |0 |0 |b|O
c |c |b |a |0 c |0 |0 |c |O
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Here, A = {0, b} is a c-prime. Further, it can be verified that A is c-2-
absorbing.

Example 4.2 : Consider the near-ring N, given in E-3, page 408 of Pilz [25],
where N = {0, 4, b, c} with operations + and - defined in table 7 and table
8 as follows:

Table 7 Table 8
+|0|al|b]|c Ola|b|c
0[{0|al|b|c 0/0|0|0]O0
alal0 b al|0|0|ala
blblc|O0]a b|O|O|b|b
clc|b|laloO c|0]|0|c]|c

Observe that N is zero symmetric. Let A = {0}. Then ba = 0 € A but
bgA and a¢A. Therefore, A = {0} is not c-prime. However, A = {0} is c-2-
absorbing. Thus, N is c-2-prime.

Example 4.3 : Let N = (Z,, + , +). Take G= D, ={{0,s|0'=1,8°=1, o5 =
so'}) . Define external operation * as in table 9 below.

Table 9
External operation *.
i e o o o s so 5o’ ea
0 e e e e e e e e
1 e o c o s so 5o’ so’
2 e o e o e e e e
3 e o o c s so so’ so’
4 e e e e e e e e
5 e c c o s so so’ so’
6 e o e o e e e e
7 e o Ia c s sc 50 5o

Then, G is a N-group. Here, {e} is a c-2-absorbing ideal, but {e} is not
a c-prime ideal.

Example 4.4:LetG=D,=({o,s|0'=s"=e, 05 =50"}) ={e, 0, 0, 0, 3, 50,
so, s0°}, where ois the rotation in ant-clockwise direction about the origin
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through % radians and s is the reflection about the line of symmetry. Take

G = N (listed as no. K(139) on p. 418 of Pilz [25]), and has addition and
multiplication tables are given in table 10 and table 11 as follows (also
refer to Hamsa et.al. [12]).

Table 10
+ e c o o s so so” so’
e e 1) o o s so e so
o o o o e 50 s so so’
o c o e o 50 S0’ s so
o o e o o so e so’ s
s s 5o so’ so° e c o o
so so 5o’ so s o e o o
so’ 50 S0 s so o o e o
so’ 50° s so so° o o o e
Table 11

& e o o o s so 5o’ so’

e e e e e e e e e

o e o o o s so 5o’ so’
o e o e o e e e e
o e o o e s sC 5o’ so’

s e s e s so e S0 e
so e so o S0’ o so e so’
so” e so’ e 5o’ so” e 5o’ e
so’ e so I8 so o so e so’

Then G is an N-group, where N is non-abelian. I = {e, 0’} is ¢-2-
absorbing but not c-prime, since so * s = oel,buts¢glandso* G L.

We provide the notion of symmetric ideal which is analogous to the
notion defined by Lambek [20].

Definition 4.5 : Anideal A of G is said to be symmetricif fora,beN, geG,
abg € A implies bag € A.

It is evident that an ideal A of N-group N, where N is commutative,
is a symmetric ideal.
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Theorem 4.6 : Let G be an N-group, where N is zero-symmetric. If A = A\NA, is
symmetric where A, (i =1, 2) are c-prime ideals of G, then A is a c-2-absorbing
ideal of G.

Proof : Let A, and A, be c-prime ideals of G. To show A = ANA, is a ¢-2-
absorbing ideal of G, leta, b €N, g € G with abg € A. Since A = A\NA, and
abg € A, we have abg € A, and abg € A, Now (ab)g € A, and A, is c-prime, we
haveabGES A orgeA =abe(A:G)orgeA =aec(A:G)orbe(A;:G)or
geA =ae(A:G)orbe(A, G)orgeA, by lemma 3.14.

In a similar argument, we getabg € A, = ae(A,;: G)orbe(A:G)org
eA,

Case (i):Ifae(A;: G)andae(A, G), thena e ((A;: G)N(A,. G)) = (ANA,: G),
implies that ag € A\NA, for all g € G. Now bag = b(0 + ag)-b0 € A,NA,. Since
A is symmetric and bag € A\NA,, it follows that abg e A, N A, for all g €G,
which means that ab € (A,NA,: G). Therefore, in this case we have obtained
that A,NA, is c-2-absorbing.

Case (ii) : Let a € (A;: G) and b € (A, G). Then by lemma 3.13, we have ab
€ (A,NnA,: G). Thisimplies that abG € A,NA,. Hence, A|NA, is c-2-absorbing
ideal of G.

Case (iii) : Leta € (A: G) and g €A, Then ag € A, for all g € G. Since g €A,
and A, is an ideal of G, it follows that ag = a(0. + g)-a0, € A,. Therefore, ag
e A\nA, Hence, A\NA, is a c-2-absorbing ideal of G.

Theorem 4.7 : Let A be a c-2-absorbing ideal of G. Then
(i) (A:G)isa c-prime ideal of N implies (A: g) is a c-prime ideal of N for all g
eG\A.
(ii) If (A: g) is a c-prime ideal of N for all g € G\A, then (A: G) is c-prime if N
is zero-symmetric and distributive over G.

Proof : (i) Suppose (A: G) is a c-prime ideal of N. Leta, b e N, g e G\A and
ab €(A: g). Then abg € A. Since A is c-2-absorbing, ag € A or bg € A or ab
e(A: G).

Case (i) : If ag € A, thena € (A: g).

Case (ii) : If bg € A, then b € (A: g).
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Case (iii) : Let ab € (A: G). Then since (A: G) is c-prime, we have a € (A: G)
or b € (A: G). Therefore, by note 3.16, a € (A: g) or b € (A: g).

Hence, (A: g) is a c-prime ideal of N.

(ii) Suppose (A: g) is a c-prime ideal of N for all g € G\ A.

We prove that (A: G) is a c-prime ideal of N. Clearly (A: G) is an ideal
of N. In a contrary way suppose that ab € (A: G) for some a, b € N and a¢(A:
G), b&(A: G). Then there exist g, " € G such that ag¢A, bg'€A. Since abg € A
and abg’ € A, we have ab € (A: g) and ab € (A: g"). Now by hypothesis b € (A:
g) and a € (A: ') implies that bg € A and ag” € A.

Ifg+g €A, thena(g+g’)=a(0+ (g +g))-a0 € A. Since N distributes
over G an ag’ €4, it follows that ag = ag + ag’-ag” €A, a contradiction.
Therefore, g + g'¢A. In a similar argument, since N distributes over G, we
have ab(g + g') € A. By hypothesis, (A: g + ¢’) is a c-prime ideal of N and
soa(g+g’)eAorb(i+g)eA, acontradiction. Hence, (A: G) is a c-prime
ideal of N.
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